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Collaboration

This talk presents joint work with my supervisor Hamed Hatami.
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Cohen’s idempotent theorem

Our starting point is Cohen’s idempotent theorem.

Let G be a locally compact abelian group and consider the semigroup of measures
w: G — [0,00), with convolution * as the binary operation.

We say that p is idempotent if g p = p.
By Parseval’s identity, 712 = i, so /i is boolean, and we can think of it as a subset of G.

Theorem (Cohen, 1960). A boolean function f : G — {0,1} equals [i for some idem-
potent measure y on G if and only if f admits an expression

L
f = Z + 18i+Hi
i=1

where L is finite and s; + H; are cosets of G.
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Cohen’s idempotent theorem in finite groups?

Let G be a finite abelian group. The Fourier algebra norm of f : G — C is Hﬂh =

Y.calf(@)l.
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Cohen’s idempotent theorem in finite groups?

Let G be a finite abelian group. The Fourier algebra norm of f : G — C is Hﬂh =

Y.calf(@)l.

In the finite setting, we have G = é, so if f = p for some measure p on G, then we have
Il = Evec|u(@)] = |uli-

By Cohen’s idempotent theorem, if | f]; < oo, then we can write f = ZiL:1 +1,,4p, for
some L < oo and some cosets s; + Hq,...,s; + Hy, of G.

Proposition (Kawada—Ité, 1940). A nonzero boolean function f : G — {0,1} satisfies
|l =1 if and only if f = 1,4 for some coset s+ H of G.
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The Green—Sanders theorem

So if f = Zle £ 1,1 H,, then by the triangle inequality and the above proposition, we
have | f|1 < L. The converse was open for over 50 years. ..
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Theorem (Green—Sanders, 2008). Let G be a finite abelian group. If f : G — {0,1}
satisfies | f|1 < M, then we can write

L
f - Z :I: 1SVL+H7;)
i=1

where L < exp(M?3+°(M)) and cosets s; + Hy,...,sp + Hp of G.
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The Green—Sanders theorem

So if f = Zle £ 1,1 H,, then by the triangle inequality and the above proposition, we
have | f|1 < L. The converse was open for over 50 years. ..

Theorem (Green—Sanders, 2008). Let G be a finite abelian group. If f : G — {0,1}
satisfies | f|1 < M, then we can write

L
f - Z :I: 1SVL+H7;)
i=1

where L < exp(M?3+°(M)) and cosets s; + Hy,...,sp + Hp of G.

The proof uses tools from modern additive combinatorics: e.g., the Freiman—Ruzsa the-
orem, the Balog—Szemerédi-Gowers theorem.
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Schur multipliers

We can think of any n x n matrix A as an operator A : Lo([n]) — Lo([n]) (take [n] = N
if n = 00). The matrix A has an operator norm |A|p.
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Schur multipliers

We can think of any n x n matrix A as an operator A : Lo([n]) — Lo([n]) (take [n] = N
if n = 00). The matrix A has an operator norm |A|p.

Each matrix n X n complex matrix gives rise to a linear transformation on the space of
all A : [n] x [n] = C by mapping A — M o A, where o denotes the Schur (entrywise)
product.

We say that M is a Schur multiplier if and only if it has finite Schur multiplier norm

[M o Afop

|M | m = sup
" a0 Alep
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Idempotents and contractive elements

The set of Schur multipliers is closed under addition and Schur product, and thus forms
a Banach algebra.
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Idempotents and contractive elements

The set of Schur multipliers is closed under addition and Schur product, and thus forms
a Banach algebra.

An element @ of an algebra is said to be idempotent if a®> = a. Any matrix satisfying
M oM = M must be boolean, but not all infinite boolean matrices are Schur multipliers
(e.g. upper triangular matrix; consider also random matrices).

This begs the question: What are the idempotent elements of the Schur multiplier
algebra?

First we characterise the contractive idempotents, that is, boolean matrices A with
| Alm < 1.

We call a boolean matrix B blocky if there exist families {.S; }sen and {7} };en of pairwise
disjoint subsets of N such that the support of B is exactly ;o Si X Ti.
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Blocky = contractive

Here are some blocky matrices.
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Blocky = contractive

Here are some blocky matrices.

Proposition (Livshits, 1995). A nonzero boolean matrix A satisfies | Al < 1 if and
only if it is blocky (in which case |Alm = 1).

This is the matrix analogue of the Kawada—It6 result for boolean functions.
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Sums of contractive idempotents

Cohen’s idempotent theorem says, Any idempotent element of the Fourier algebra can
be written as a finite sum of contractive idempotents. Here’s its matrix analogue:

Conjecture (Katavolos—Paulsen, 2005). Any idempotent Schur multiplier is a finite
sum of contractive idempotent Schur multipliers.

While this statement is only meaningful for infinite matrices, it turns out to be equivalent
to the following quantitative statement for finite matrices.

Conjecture H (Hambardzumyan—Hatami-Hatami, 2023). Let A be a finite boolean
matrix with |A|y, <. Then we may express A as a signed sum

L
A=>"+B,,
=1

where each B; is blocky and L depends only on ~.
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Special case: matrices from boolean functions

Conjecture H (Hambardzumyan—Hatami-Hatami, 2023). Let A be a finite boolean
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Special case: matrices from boolean functions

Conjecture H (Hambardzumyan—Hatami-Hatami, 2023). Let A be a finite boolean
matrix with |A|m < 7. Then we may express A as a signed sum A = Zle +B,, where
each B; is blocky and L depends only on 7.

Theorem (Green—Sanders, 2008). Let G be a finite abelian group. If f : G — {0,1}
satisfies || f| < M, then we can write f = Zle +1,,4p,, where L < exp(M3t°(M)) and
cosets s1 + Hy,...,s;, + Hy, of G.

Given a finite abelian group G and a boolean function f : G — {0, 1}, define the matrix
My : G x G — {0,1} by setting M(z,y) = f(x — y). It can be seen that indicators of
cosets give rise to blocky matrices, and |My|m = ||ﬂ|1, so the Green—Sanders theorem
shows that the conclusion of Conjecture H holds for this special class of boolean matrices

(convolution matrices).
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Our main theorem

Theorem (G.—Hatami, 2025). Let A be an n X n integer matrix with |A|m, < ~. Then
A can be written as a signed sum A = Zle +B;, where each B; is blocky, and

L <2007 (logn)2.
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Our main theorem

Theorem (G.—Hatami, 2025). Let A be an n X n integer matrix with |A|m, < ~. Then
A can be written as a signed sum A = Zle +B;, where each B; is blocky, and

L< 20(77)(log n)2.
We fall short of proving Conjecture H by two factors of logn.

Still, this says something significant about the additive decomposition of matrices with
small Schur multiplier norm. For comparison, consider the following probabilistic result.

Theorem (Avraham—Yehudayoff, 2024). Let A be an n X n matrix chosen uniformly at
random. Then, with high probability, any decomposition of A as a signed sum of blocky
matrices has at least L > n/(4logy(2n)) terms.
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Proof sketch

Here’s what we’d like to do:
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Proof sketch

Here’s what we’d like to do:

a) Every A € ZX*Y can be written as a signed sum of at most 2 max,¢x D oyey |A(z,y)|
blocky matrices.

b) Given A € ZX*Y with |A|, < 7, we express A = A’ + (A — A’) for some suitable
Al

c) We decompose A’ by using (a), and then show that |A— A’|2, decreases by a constant.
This step is iterated until |A|,, drops below 1, in which case A = 0.

Caveat. We end up defining A’ by averaging certain columns, so we need to deal with
real-valued matrices.
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Key lemma

Lemma. Let A € RX*Y be a real-valued matrix with |A[, < . Suppose further that
A is e-almost integer-valued for € = 2-20v" If Az is not an all-zero matrix, then there
exists a 2e-almost integer-valued matrix A’ € R¥*Y such that

1
JA- A <92 - ¢

and A’ = Zle +B;, where the B; are blocky matrices and

L <2907 (log [Y)).
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Key lemma

Lemma. Let A € RX*Y be a real-valued matrix with |A[, < . Suppose further that

A is e-almost integer-valued for € = 2-20v" If Az is not an all-zero matrix, then there
exists a 2e-almost integer-valued matrix A’ € RX*Y such that

1
JA- A <92 - ¢

and A’ = ZiL:1 +B;, where the B; are blocky matrices and
o(") z
L<2 (log [Y])".

Here Az is the entrywise rounding of A, and we say A is e-almost integer-valued if
|A — Az|max < €.
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